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Hydrodynamics at low Reynolds number prohibits a net nor-
mal force on a spherical particle moving along a rigid wall. 
Repulsion or attraction of the particle violates time-reversal 

symmetry. Relaxing the rigidity constraint breaks this symmetry; a 
rigid sphere moving along a soft wall (or a soft sphere along a rigid 
wall1) experiences a repulsive force. Such forces have been shown to 
reduce drag near compressed and sheared elastic substrates2–7. Here 
we show that, for a thin membrane of the same material, the effect 
can be orders of magnitude greater, leading to sizable displacement 
of suspended particles.

Interactions between cell membranes and surfaces are common 
in many physiological and cellular processes, including blood flow 
in capillaries8–10, filtration in the spleen11,12, endocytosis13 and micro-
swimming near interfaces14–19. Understanding these hydroelastic inter-
actions on the nano- and microscales is important for efficient drug 
delivery and release, as they significantly modify the hydrodynamic 
mobilities of particles such as proteins20–22. Recent work has quantified 
many aspects of particle hydrodynamics near membranes23–26, but has 
not addressed non-linear interactions producing repulsive forces.

We develop experiments and theory to demonstrate that a sus-
pended particle translating tangent to a thin elastic membrane 
(velocity V||) through a viscous fluid experiences a significant 
migration away from the surface (velocity V⊥) as a result of fluid-
mediated deformations of the membrane. Our experiments com-
prise spherical particles sedimenting due to gravity near thin elastic 
sheets suspended under their own weight in silicone oil (details in 
Methods and Supplementary Information). Figure 1a shows snap-
shots, at different times, of the trajectory of a sphere near the surface 
of the sheet (Supplementary Movie online27). The sedimentation of 
the sphere is accompanied by a travelling-wave deformation of the 
membrane and a migration of the particle away from it, resembling 
a particle surfing its own wave28. As we show, this repulsive migra-
tion is a direct consequence of the elasticity of the membrane.

The normal motion is sensitive to the particle size and is strong 
enough for particle separation and sorting. Figure 2a shows a stro-

boscopic image of three different-sized particles sedimenting along 
the elastic sheet. The particles accelerate in the direction of gravity 
as a consequence of their increasing distance from the sheet over 
time (resulting in decreasing drag), which appears as an increasing 
separation distance between consecutive frames. Once settled, the 
particles are separated and sorted by their size (Fig. 2b): larger and 
denser particles experience stronger repulsion, settling further from 
the sheet. These results suggest the possibility of designing size-sort-
ing devices by incorporating flexible structures in fluidic systems.

We develop a theory for the repulsive velocity V⊥ of the particle, 
accounting for hydrodynamic interactions that lead to a small but 
finite deformation of the elastic membrane. The membrane has a 
thickness b and bending rigidity B, and is held taut under a ten-
sion (force per length) T, which together keep it planar in its unde-
formed state S0. The sphere has radius a and translates with velocity 
V =  V||ey +  V⊥ez as measured in the laboratory reference frame, with 
a separation distance h(t) that increases with time (Fig. 1). The 
advective nature of the membrane deformation (Fig. 1a) makes it 
convenient to describe the fluid-elastic problem in a local cylindri-
cal coordinate system (r, θ, z) whose origin is instantaneously at the 
point on S0 closest to the sphere (Fig. 1d), so that S0 is identified by 
z =  0. The fluid flow (velocity v and stress σ) excited by the motion 
of the sphere deforms the membrane to a new position z =  ζ(r, t), 
where r =  (r, θ) is the position vector in the plane S0.

We consider the limit of small deflections ζ∣ ∣ ≪ h, small separa-
tion distances ≪h a, and predominantly parallel motion ≫∣∣ ⊥V V( ) . 
The Reynolds number in our experiments is small (ρf|V|a/μ ≤  0.25, 
where ρf and μ are the fluid’s density and viscosity, respectively), so 
inertial contributions to either V⊥ or V|| are negligible (ref. 29 and 
Supplementary Information). Identifying ℓ = ah2  as the length 
scale over which stresses decay away from the sphere and defining 
R =  |R| with = ∕ ℓR r , the fluid pressure acting to deform the mem-
brane is approximately p(0) =  μ θℓ

+
∣∣V R

h R
6 cos

5 (1 )2 2 2
, produced by the translation 

of a sphere parallel to a rigid wall at S0
30. Then, the membrane defor-
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mation ζ is governed by the stress balance, p(0) =  − (B∇ 4 −  T∇ 2)ζ31–33. 
Introducing a two-dimensional wave-vector k with a polar repre-
sentation (k, φ), the deformation can be expressed in Fourier space 
[ ̂f k( ) =  

R∫ − ⋅f R R( ) dk R 2
2 , with k·R =  kR cos(φ −  θ)], as

!ζ π Λ
τ

φ=
+
i kaH

k Hk
K kk( ) 6

5( )
( )cos , with (1a)4 2 0

Λ μ τ= = =||Va
BH

H h
a

Ta
B

4 2
, and 2 (1b)

2

1/2

2

Here, K0 is the order-zero modified Bessel function of the sec-
ond kind, Λ =  O(|ζ|/h) is the small deformation amplitude rela-
tive to the gap height, τ is a dimensionless tension and H is the 
dimensionless separation distance, which varies in time. The 
inverse transform of equation (1a), evaluated numerically, yields 
the membrane shape ζ(r), shown in Fig. 1b with no adjustable 
parameters.

The deformed membrane perturbs the lubrication pressure 
(p =  p(0) +  Λp(1) +  … ), which results in a normal velocity of the par-
ticle V⊥. We calculate V⊥ using the Lorentz reciprocal theorem for 
viscous flows34, which often provides a useful tool to evaluate hydro-
dynamic interactions in systems with deformable boundaries35,36.  

In the quasi-steady limit and for small deformations (see Methods), 
we find

∫πμ
θ μ ζ= ∂ − ∂ ⋅ ∂

′
′ ′⊥ ∣∣V h

a V
V p v v r

6
( (cos ) ) d (2)

S
r z z2

(0) 2

0

where v(0)(r) is the fluid velocity associated with p(0) and primed 
quantities refer to the flow around a sphere translating normal to 
a rigid plane at S0.

We evaluate the integral (2) in Fourier space by applying 
Parseval’s identity and using known results from lubrication theory 
(see Methods). Utilizing expression (1b) for ζ ̂ k( ), we obtain

F
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as our main result for the normal migration velocity of the particle. 
The positive-definite function F τH( ) decays monotonically from 
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Fig. 1 | Self-surfing and hydroelastic repulsion of a particle near a thin elastic sheet. a, Time sequence showing experimental images of a solid sphere 
sedimenting under gravity near a vertically suspended rubber sheet in silicone oil. Tracking the position of the sphere at different times after release shows 
a spontaneous migration away from the sheet. b, Close-up showing the shape of the sheet and the theoretical prediction of equations (1a) and (1b)  
(red dashed curve) on the centre plane (θ!= !{0, π}) with no fitting parameters; the maximum deformation amplitude is about 2!mm in both the theory and 
the experiments. c, Sketch of the system indicating the coordinate system and relevant parameters. The dashed line indicates the undeformed position S0 
(z!= !0) of the elastic membrane. d, The local coordinate system (r, θ, z) that we use to describe the hydroelastic problem near the particle.

ba

Tank floor

g

g

Fig. 2 | Size-dependent sorting of spherical particles sedimenting near an elastic membrane. a, Overlaid stroboscopic images, taken at fixed intervals of 
0.33!s, indicating the motion of three different particles (all Delrin, with radii 1.5!mm (red), 4!mm (green) and 8!mm (black)). a,b, Final resting positions 
of the particles on the floor of the tank as viewed from the side (a) or from above (b), showing that the particles are sorted by their size at the end of 
their fall. All particles are released at the top of the tank with the same initial surface-to-surface separation distance from the sheet; initial positions are 
indicated as circular outlines in b. The scale bar is 1!cm in both panels.
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unity (τ ≪H 1; bending dominates) to τH
2

3  (τ ≫H 1, tension domi-
nates) as shown in Fig. 3; we note that F  can be expressed in terms 
of special functions (see Methods). Thus, the sphere experiences a 
repulsive normal velocity V⊥ that is quadratic in its speed V|| along 
the membrane. This quadratic dependence breaks kinematic revers-
ibility, that is, the sphere migrates away from the sheet irrespective 
of the direction of its tangential motion. The repulsive migration for 
thin sheets is consistent with previous studies reporting lift forces 
near soft substrates3,4, although here it is several orders of magni-
tude greater (for examples see Supplementary Information). The 
physical mechanism for the migration can be understood based on 
the viscous lubrication principle that fluid flow from wide openings 
to narrow ones creates a positive pressure and so produces V⊥ >  0 
(see Supplementary Information for a detailed discussion).

In our experiments, the driving force is gravity, which is bal-
anced by a viscous drag to establish V|| =  Rρ μΔ ∕ ∣∣a g2 ( ) (9 )2

p , where 
Δ ρp =  ρp −  ρf. The dimensionless resistance to tangential motion, 
R ∣∣ H( ) , can be approximated by its limiting form for translation 
along a rigid plane, provided in ref. 37. Substituting the above expres-
sion for V|| into equation (3a) yields

F
R

τ ρ
μ= =
Δ

⊥
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V V H
H

V
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B
( )

( )
with

4 ( )
675

(4)* *
2

6 2
p

2

Note that the relative importance of tension to bending resistance 
in V⊥ is quantified by the dimensionless parameter τH =  Tah

B
2 . Since 

H increases with time, this ratio is not constant during the motion 
of a particle, so that either tension or bending may dominate during 
different parts of the trajectory.
The displacements y(t) and h(t) for different combinations of sphere 
and sheet properties are obtained from image analysis. We find  

that the normal velocity V⊥ depends strongly on the proper-
ties of both the sheet and the sphere, and is always smaller than 
the sedimentation velocity V|| (Fig. 4). Although the sheet tension 
decreases in the direction of gravity, we approximate it by its mean 
value and use T =  ρΔ gLb( )1

2 s , where Δ ρs =  ρf −  ρs, to compare the 
experimental data with our theoretical predictions; relaxing this 
simplification yields only minor differences (see Supplementary 
Information). Thus, τ =  =ρ ν ρΔ − Δ

∕
gLa

B
gL

E b a
( ) 12(1 ) ( )

( )

2
s

2
s

2  (compare equa-
tion (1b)), where ν ≈  0.48 is the Poisson ratio and E is the Young’s 
modulus of the sheet. τ is greater for thinner sheets and larger 
particles, and is in the range 0.25–8 in our experiments. Recalling 
that the relative magnitudes of tension and bending are deter-
mined by τH (see for example equation (4)), we expect bend-
ing to be important at small separation distances τ ≪H 1, and for 
tension to dominate for larger separation distances with τ ≫H 1
; our experimental data span both of these limiting regimes and 
are in good agreement with the theoretical prediction (Fig. 3).

We compute the trajectory (y(t), h(t)) by numerically integrat-
ing the velocity components, V⊥ (equation (4)) and V||. Figure 4 
shows the trajectory of a sphere with a particular combination of 
sheet and particle properties. The theoretical predictions for the 
displacement, without adjustable parameters, are plotted as solid 
lines, showing that both bending (dashed) and tension (dash–
dotted) contributions must be incorporated to achieve quantita-
tive agreement with the experimentally measured trajectories  
(grey circles).

The system transitions between bending- and tension-domi-
nated regimes as the separation distance increases over time. This 
transition is indicated for a single trajectory (black circles in Fig. 3), 
but is clearly observed when varying system parameters such as par-
ticle size and density as well as the sheet bending rigidity, as shown 
in Fig. 3.

Neglecting the weak (logarithmic) dependence of V|| on H, 
the normal velocity is constant in the bending-dominated regime 
( τ≪ −H 1), that is, the separation distance increases linearly with 
time, h ≈  μ ∣∣ ta V

B
3

25

2 2
 for sufficiently small h. In our experiments, we 

do not observe trajectories that are characterized by bending 
alone, although bending is likely to dominate for smaller par-
ticles (since τ ∝  a2). In the tension-dominated limit (τ ≫H 1; long 
times or thin sheets), integrating equations (3a) and (3b) yields 
h ≈  μ ∕ ∣∣at T V2 (25 ) , again neglecting the dependence of V|| on 
H. For our gravity-driven experiments, this expression reduces to 

h ≈  ∕h x L* , where = ρ
ρ

Δ
Δ

−( )h a b* 2 2
15

1
2 3

2p

s

1
2 . We find a good col-

lapse of the measured trajectories for different particle sizes, as indi-
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Fig. 3 | Comparison of the experimental results with the theory. Rescaled 
normal velocity R⊥ ∣∣ ∕ *V H V( )2  versus the dimensionless tension τH!= !2Tah/B, 
showing the theoretical prediction F τH( ) (equations (3a), (3b) and (4))  
as a solid black curve with asymptotes indicated as dashed lines. 
Experimental data for several parameter combinations (circles, 0.25!mm; 
squares, 0.38!mm; triangles, 0.5!mm thick sheets) are in agreement 
with the theoretical prediction. Each set of symbols represents data 
for several different sphere radii and densities. Since h increases with 
time, each sphere samples a range of 2Tah/B values over its trajectory. 
The black circles indicate one such trajectory (glass sphere, a!= !5!mm; 
b!= !0.25!mm), where the value of 2Tah/B is initially small (due to small h; 
bending dominates) and decreases over the course of the motion (tension 
dominates). The inset shows the same data on a graph with linear axes.
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Fig. 4 | Typical trajectory of a sphere. a, Normal displacement h(t).  
b, Tangential displacement y(t). Symbols are experimental measurements 
(error bars indicate 1!s.d.) for a 5!mm radius glass sphere and a 0.38!mm 
thick sheet, and the solid lines correspond to theoretical predictions 
accounting for bending and tension. Bending-dominated (dashed) and 
tension-dominated (dash–dotted) limits are indicated for comparison.
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cated in Fig. 5a. For all the experiments, we can extract data points 
where the system is tension dominated. In particular, the measured 
V⊥ of each particle at the end of its trajectory (for which particles 
assume final separation distances H =  Hf) is well described by the 
tension-dominated limit of the theory, ∣⊥V H

T
f
 =  ρ

μ
Δa g

T
4 ( )

2, 025

4 2
p

2

R∣∣H H
1

( )f f
, as 

shown in Fig. 5b.
We comment on extensions of the theoretical framework devel-

oped here. It is possible to include a confining potential G (a force 
per volume), such that the membrane deformation is governed by 
p(0) =  − (B∇ 4 +  T∇ 2 +  G)ζ. Such a confining potential may be exter-
nally applied using an optical trap38, or for biological membranes can 
arise from a non-zero curvature33, finite system size or an underly-
ing cytoskeleton23,39. In macroscopic systems, such a potential often 
results from a body force, such as gravity, acting normal to the 
membrane. The effect of this added potential to the normal velocity 
V⊥ is accounted for by modifying the denominator of equations (3a) 
and (3b) to (k4 +  τHk2 +  γH2), where γ =  ℓ ∕G BH( )4 2  =  4Ga4/B. For 
a cylindrical object translating perpendicular to its axis (here the  
x axis, compare Fig. 1b), the only modification to V⊥ involves replacing 
K0(k) by −e

k
k5

3
2  in equations (3a) and (3b); the results of refs 3,4 

then correspond to the limit γ ≫ 1 (Methods). Finally, we note 
that the mechanism for hydroelastic migration and the scaling 

laws obtained here persist for active particles (for example micro-
swimmers), but with modified prefactors that depend on the details 
of the propulsion mechanism. In particular, a fore–aft pressure 
asymmetry due to the motion of active particles40 is sufficient to 
induce migration (see Supplementary Information).

We have demonstrated theoretically and experimentally that a 
particle moving along a membrane will experience a hydroelas-
tic repulsion. There are several consequences of this effect. (1) 
A swimming bacterium (≈ 1 μ m) near a membrane T≈B k10 B   
(T  denotes temperature) with a typical speed (≈ 30 μ m s−1) can be 
hydroelastically repelled at a speed that is comparable to its own. 
(2) The repulsive migration of a microswimmer propelled near a 
bio-membrane is expected to be several orders of magnitude greater 
than the lift generated by a compressible substrate (such as the cyto-
skeleton, G ≈  10–1000 Pa). On macroscopic scales, the particles in 
our experiments experience a force greater by about three orders of 

magnitude than they would in a comparable experiment with a soft 
substrate (refs 4,5,7; Supplementary Information). (3) Our model sug-
gests the possibility of a non-intrusive measurement of the elastic 
properties of biological membranes, one that does not require ther-
mal equilibrium (for example by using a micrometre-sized bead and 
optical or magnetic tweezers41,42). (4) Small thermal fluctuations of 
a bio-membrane result in a reduced effective bending rigidity43,44 
and are therefore expected to enhance the repulsive migration due 
to hydroelastic surfing (Supplementary Information) (though shear 
may suppress such fluctuations45). (5) Our macroscopic sedimenta-
tion experiments show that the hydroelastic repulsion is sensitive 
enough to the size of the particle for sorting and separation pur-
poses. This large number of possibilities suggests new opportunities 
for experiments and theory that take advantage of hydroeleastic lift 
generated by flexible sheets.

Online content
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Methods
Theoretical derivation. To calculate the normal velocity, equations (3a) and (3b),  
we use the Lorentz reciprocal theorem ∫ σ⋅ ⋅ ′n v rd

S
2  =  ∫ σ⋅ ′ ⋅n v rd

S
2 , where v′  

and σ′  are the known fluid velocity and stress fields around a sphere moving 
perpendicular to a rigid wall, and n is the unit normal to the surface. The 
integration is over the undeformed bounding surface of the fluid domain S, 
which comprises S0, the particle surface Sp and a surface at infinity S∞. With 
the conditions v =  v′  =  0 on Sp (no-slip), and v =  − V (and v′  =  − V′ ) on S∞, the 
reciprocal relation becomes ′⊥ ⊥F V  =  ∫ σ⋅ ′ ⋅ + Vn v r( )d

S
2

0
, where ⊥

′F  is the applied 
force on the sphere in the auxiliary (primed) problem46.

To obtain v on S0 (z =  0), we use the no-slip condition v|z=ζ =  − V −  ezV||∂yζ, 
where we have assumed a quasi-static membrane deformation in the particle 
reference frame ζ ζ∣∂ ∣ ≪ ∣∂ ∣∣∣V( )t y . We map this boundary condition onto the plane 
S0 by means of a Taylor expansion, ζ∣ ≈ ∣ − ∂ ∣ζ=v v vS z z S0 0

 =  − V ζ ζ− ∂ − ∂ ∣∣∣Ve vz y z S0
.  

Next, we approximate the velocity gradient by that of the zeroth-order problem 
(translation parallel to a planar wall), ∂ zv ≈  ∂ zv(0). Recognizing that the applied force 
on the sphere in the auxiliary problem is F′  =  6π μa2V′ /h in the lubrication limit 
yields equation (2). We then use standard results from lubrication theory30,46: p′  =   
− ′μ ℓ

+
V

h R
3

2 (1 )

2
3 2 2 , ∂ ′∣ =vz z 0

 =  − ′ℓ
+

V R
h R

3
(1 )2 2 2 er and ∂ ∣ =vz z

(0)
0
 =  θ θ− −

+ +
∣∣ { }( )7 cos sinV

h R R
2

5 (1 )
6

12 2 . 

Evaluating the resulting definite integral in Fourier space finally results in  
(3a) and (3b). The result can be expressed in terms of known functions as

F
μ

τ=⊥
∣∣V

a V
B

H
3

25
( ), with (5a)

2 2

F ∫τ
τ

≡
+

∞
H k K k

k Hk
k k( ) 2 ( ) d (5b)

0

4
0
2

4 2

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟

π τ= .eijerG H
2

M 0, 3
2

0, 1, 1, 1
(5c)2,4

4,1

 As noted in the main text, for τ ≪H 1, that is the bending-dominated limit, 
equation (5b) gives F = 1. In the opposite, tension-dominated limit, τ ≫H 1, 
equation (5b) gives F  =  

τH
2

3
.

For a cylinder translating tangent to the membrane, the normal velocity is

F
μ

τ=⊥
∣∣V

a V
B

H
2

3
( ), with (6a)cyl

2 2
cyl
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τ τ
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4 2
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where Ci and Si are cosine and sine integrals, respectively.
Conversely, if the sphere is forced to translate parallel to the soft membrane 

without normal migration (by the application of an external normal force), it will 
experience a counterbalancing repulsive hydrodynamic force ⊥FH =  6πμV⊥a2/h. 
Similarly, a cylinder forced to translate tangent to the soft membrane experiences a 
repulsive force per unit length

F⎛
⎝⎜⎜

⎞
⎠
⎟⎟⎟πμ

πμ
τ= =⊥ ⊥

∕ ∕
∣∣

∕f V a
h

a V
Bh

H3 2
2 2
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3 2 2 7 2 2

3 2
cyl

Experimental details. Our experimental setup consists of a tank 
(16 cm ×  16 cm ×  30 cm) containing silicone oil (density 0.97 g cm−3, viscosity 1 Pa s; 
Sigma Aldrich); see an image of the setup in Supplementary Information. Silicone 
rubber sheets (Marian; Shore A durometer 10) of size 8 cm ×  30 cm, density 
ρs =  1.1 g cm−3 and thicknesses b (0.25, 0.38, 0.5 mm) are suspended close to the 
middle of the container such that their top end is held fixed and their bottom end 
is free. The immersed length of the sheets in the oil is L =  20 cm. Being denser than 
the fluid, the sheets are suspended under their own weight, which provides tension 
T in the range 0.03–0.06 N m−1.

We use a linear extension experiment to measure the Young’s modulus of 
each sheet by suspending it in air and progressively loading (and subsequently 
unloading) with known weights attached to its bottom edge. We find a linear 
response with no measurable hysteresis up to about 9% linear strain, and extract 
a Young’s modulus of E ≈  245 kPa for all the sheets independent of their thickness. 
The bending rigidity of the sheets is calculated as B =  

ν−
Eb

12(1 )

3
2 , using ν ≈  0.48 as the 

Poisson ratio for silicone rubber; for the sheets used in our experiments, B is in the 
range of 0.4–3.3 μ N m.

Spheres of different materials (Delrin, 1.4 g cm−3; borosilicate glass, 2.4 g cm−3; 
stainless steel, 8.05 g cm−3), with radii in the range 2–8 mm, are released in close 
proximity to the top of the sheet. The point of release is halfway across the width  
of the sheet (in the x-direction, Fig. 1) so that the spheres are symmetric with 
respect to either edge of the sheet. The motion of the spheres is recorded at 
30 frames s−1 with a camera (Nikon D5100); motion in the x-direction is found  
to be negligible. All measurements were carried out at an ambient temperature of 
22 ±  0.5 °C.

Data availability
The experimental data for the plots within this paper are available from the figshare 
repository27. The same repository contains a movie corresponding to Fig. 1a. Raw 
image data and other supporting data relevant to this study are available from the 
authors upon request.
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